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FROBENIUS POWERS OF NON-COMPLETE INTERSECTIONS
MIRIAM RUTH KANTOROVITZ
Introduction
The purpose of this paper is to address a number of issues raised by Avramov and Miller in a
recent paper [1].
Let (R,m, k) be a Noetherian local ring of characteristic p > 0 with residue field k, and let
φ : R → R be the the Frobenius homomorphism defined by φ(a) = ap. For r ≥ 1, we denote by
φrR the R-module structure on R via φr. That is, for a ∈ R and b ∈ φ
r
R, a · b = ap
r
b. When R is a
regular ring, φ
r
R is flat; in fact, this condition characterizes regular rings [4]. When R is a complete
intersection, Avramov and Miller [1] proved that TorR∗ (−,
φrR) is rigid in the following sense.
Theorem 0.1. (cf. [1, main theorem]) If R is a complete intersection and M is an R-module such
that TorRj (M,
φrR) = 0 holds for some j, r ≥ 1, then TorRn (M,
φrR) = 0 for all n ≥ j. Furthermore,
if M is finitely generated then M has finite projective dimension.
This theorem shows similarity between the functors TorR∗ (−,
φrR) and TorR∗ (−, k) in terms of
rigidity. If M is an R-module of finite length, ℓR(M), then, in addition, the following relationship
holds between the lengths of the homology modules TorR∗ (M,
φrR) and TorR∗ (M,k).
Theorem 0.2. (cf. [1, main theorem]) If R is a complete intersection and M is an R-module of
finite length and infinite projective dimension then for each r ≥ 1, both
lim
s→∞
ℓR(Tor
R
2s(M,
φrR))
ℓR(Tor
R
2s(M,k))
and lim
s→∞
ℓR(Tor
R
2s+1(M,
φrR))
ℓR(Tor
R
2s+1(M,k))
are rational numbers, and at least one of them is positive.
Avramov and Miller wondered whether the complete intersection assumption on the ring R is
necessary in Theorems 0.1 and 0.2. In this paper we give an answer to their question. First we
give a class of depth zero rings (which include non-complete intersections), for which rigidity of
TorR∗ (−,
φrR) holds. The simplest examples of rings for which the conclusions of Theorems 0.1
and 0.2 hold are Artinian rings (R,m) with mp = 0. A simple argument is used to show that if R
satisfies the condition
(1) (0 : mp)R 6⊆ m
p,
then strong rigidity of Tor holds for finitely generated R-modules. That is, if TorRj (M,
φrR) = 0
then M is projective. However, when depth(R) > 0, we show that TorRj (−,
φrR) is not rigid
(non-vacuously) in general (see Proposition 2.1) and hence the complete intersection assumption in
Theorem 0.1 is necessary. We conclude the paper with a few examples of non-complete intersections
which satisfy condition (1).
Acknowledgments. I thank David Eisenbud for a number of useful conversations and Claudia
Miller for her comments.
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1. Depth zero rings
LetM be a finitely generated R-module. In order to compute the homology modules TorR∗ (M,
φrR),
choose a minimal free resolution of M ,
F• : · · · → Fn+1
d
→ Fn → . . . ,
where Fn = R
⊕ln for some ln ∈ N, and the differential maps, d = (dij), are represented (with
respect to the standard set of generators) by matrices with entries in m. Applying the functor
−⊗R
φrR to the resolution F•, we obtain the complex
F• ⊗R
φrR : · · · → Fn+1 ⊗R
φrR
d⊗1
−→ Fn ⊗R
φrR→ . . . ,
the homology of which computes TorR∗ (M,
φrR). After making the standard identifications, this
complex is homologically equivalent to the complex
φrF• : · · · → R
⊕ln+1
φrd=(dp
r
ij )
−→ R⊕ln → . . . .
That is, TorR∗ (M,
φrR) = Hn(
φrF•), where
φrF• is the complex obtained from F• by raising the entries
in the differential d = (dij) to the p
r-th power. Note that since dij ∈ m, the image of the n-th
differential, Im(φ
r
d), is contained in mp
r
Fn.
Proposition 1.1. Let (R,m) be a local ring of characteristic p satisfying the following condition
(0 : mp)R := {x ∈ R|m
p ⊆ Ann(x)} 6⊆ mp.(1)
If M is a finitely generated R-module such that TorRj (M,
φrR) = 0 for some j, r ≥ 1 then M is
projective.
Proof. Using the above notation, let F• → M be a minimal free resolution of M with Fj = R
⊕lj
for some lj ∈ N. First we show that Fj = 0. By (1), there exist an element w ∈ mrm
p such that
mp ⊂ Ann(w). If Fj 6= 0, then in the complex (
φrF•,
φrd), the element w = (w,w, . . . , w) ∈ Fjrm
prFj
satisfies φ
r
d(w) = 0 since (φ
r
d)ij ∈ m
pr ⊂ Ann(w). However, Im(φ
r
d) ⊂ mp
r
Fj , and hence w is a
j-cycle which is not a boundary. Therefore TorRj (M,
φrR) 6= 0, which contradicts the assumption.
Hence Fj = 0, and the projective dimension of M , Pd(M), is finite.
Observe that condition (1) implies that the depth of R is zero. Hence by the Auslander-
Buchsbaum formula, Pd(M) + depth(M) = depth(R), M is projective.
Remark 1.2. What we actually proved above is the following: If (R,m) satisfies (1) and L• is a
complex of finitely generated free R-modules with differentials having entries in m, then
Hj(L• ⊗R
φrR) = 0⇔ Lj = 0.
Following [1], we define the integer cy(R), associated to the ring R and to a maximal R-regular
sequence y.
Definition 1.3. When depth(R) = 0, define c(R) to be the smallest integer s such that (0 :
m)R = {x ∈ R|m ⊂ Ann(x)} 6⊂ m
s. Note that such an s exists by Krull’s intersection theorem
since (0 : m)R 6= 0. When depth(R) = d > 0, let y = {y1, . . . , yd} be a maximal R-regular
sequence. Write R¯ for R
yR
and m¯ for the corresponding maximal ideal of R¯. Define cy(R) to be the
least positive integer s such that (0 : m¯)R¯ 6⊂ m¯
s.
The same argument as in the proof of Proposition 1.1 gives the following rigidity result for all
local rings of depth zero.
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Proposition 1.4. Let (R,m) be a local ring of depth zero and let L• be a complex of finitely
generated free R-modules with differentials having entries in m. Then for r > logp c(R),
Hj(L• ⊗R
φrR) = 0⇔ Lj = 0.
Consequently, if M is a finitely generated R-module such that TorRj (M,
φrR) = 0 for some j ≥ 1
and r > logp c(R), then M is projective.
For Artinian rings, Proposition 1.1 can be trivially extended to non-finitely generated modules
since in that case, we still have a notion of a minimal free resolutions.
Proposition 1.5. Let (R,m) be an Artinian local ring of characteristic p satisfying mp = 0. If M
is an R-module such that TorRj (M,
φrR) = 0 for some j, r ≥ 1 then Pd(M) < j.
Proof. Let F• →M be a minimal free resolution ofM . Then in the complex
φrF•, all the differentials
are zero and therefore, Fj = 0.
We now turn our attention to the relation between the lengths of the homology modules TorR∗ (M,
φrR)
and TorR∗ (M,k) when M is of finite length.
Proposition 1.6. Let (R,m) be an Artinian local ring of characteristic p satisfying mp = 0. Let
M be an R-module of finite length and infinite projective dimension then for each r ≥ 1,
lim
s→∞
ℓR(Tor
R
s (M,
φrR))
ℓR(Tor
R
s (M,k))
= ℓR(R) <∞.
Proof. Let F• → M be a minimal free resolution of M with Fs = R
⊕ls . Then ℓR(Tor
R
s (M,k)) =
ℓR(k
⊕ls) = ls. On the other hand, in the complex
φrF•, all the differentials are zero. Hence
ℓR(Tor
R
s (M,
φrR)) = ℓR(Fs) = lsℓR(R). Thus, lims→∞
ℓR(Tor
R
s (M,
φrR))
ℓR(Tor
R
s (M,k))
= ℓR(R), which is finite since
R is Artinian.
2. Positive depth and non-rigidity
Let R be a local ring of positive depth and let cy(R) be as defined in 1.3, where y = {y1, . . . , yd}
is a maximal R-regular sequence. Then the following non-rigidity property holds for TorR∗ (−,
φrR).
Proposition 2.1. Let R be a local ring with depthR = d > 0 and let M be a finitely generated R
module of infinite projective dimension. If TorRj (M,
φrR) = 0 for some j > 0 and r > logp cy(R)
then there exists an n > j such that TorRn (M,
φrR) 6= 0.
Proof. First note that y is a regular sequence on φ
r
R since {yp
r
1 , . . . , y
pr
d } is again an R-regular
sequence. If TorRj+1(M,
φrR) = 0 then from the long exact sequence
· · · → TorRj+1(M,
φrR)→ TorRj+1(M,
φrR
y1φ
rR
)→ TorRj (M,
φrR) = 0→ · · · ,(2)
associated to the short exact sequence
0→ φ
r
R
y1
→ φ
r
R→
φrR
y1φ
r
R
→ 0,
we conclude that TorRj+1(M,
φrR
y1φ
r
R
) = 0. Now consider the long exact sequence
· · · → TorRj+2(M,
φrR
y1φ
rR
)→ TorRj+2(M,
φrR
(y1, y2)φ
rR
)→ TorRj+1(M,
φrR
y1φ
rR
) = 0→ · · ·(3)
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associated to the short exact sequence
0→
φrR
y1φ
rR
y2
→
φrR
y1φ
rR
→
φrR
(y1, y2)φ
rR
→ 0.
From the argument above we get that if TorRj+2(M,
φrR) = 0 then TorRj+2(M,
φrR
y1φ
r
R
) = 0, and
hence by (3), TorRj+2(M,
φrR
(y1,y2)φ
r
R
) = 0. Inductively, if TorRj+i(M,
φrR) = 0 for i = 1, . . . , t then
TorRj+t(M,
φrR
(y1,... ,yt)φ
r
R
) = 0.
Let F• be a minimal free resolution of M . Then Tor
R
j+d(M,
φrR¯) ∼= Hj+d(
φrF¯•), where R¯ =
R
yR
and F¯• = F• ⊗R R¯. By assumption,
φrF¯j+d 6= 0 and hence, by Proposition 1.4, Tor
R
j+d(M,
φrR¯) 6= 0.
Thus, by the inductive argument, we cannot have TorRj+i(M,
φrR) = 0 for all i = 1, . . . , d.
Remark 2.2. Note additionally that we have proved more. Namely, that if depth(R) > 0 and M
is a finitely generated R-module such that for some r > logp cy(R) and n ≥ 1, Tor
R
j (M,
φrR) = 0
for all n ≤ j ≤ n+depthR, then M has finite projective dimension. As was pointed out in [1], this
result is implicit in [3, (2.6)]. It sharpens the results of Peskine and Szpiro [5, (1.7)] and Herzog
[2, (3.1)] which state that the following conditions are equivalent for a finitely generated R-module
M :
1. M has finite projective dimension;
2. TorRj (M,
φrR) = 0 for all j, r ≥ 1;
3. TorRj (M,
φrR) = 0 for all j ≥ 1 and infinitely many r’s.
We note that it may still be possible for TorRj (−,
φrR) to be rigid for r < logp cy(R), or vacuously
rigid for r > logp cy(R), that is, Tor
R
j (M,
φrR) may not vanish non-trivially.
3. Examples
In this section we give a few examples of rings that satisfy condition (1). Let k be a field of
characteristic p.
Example 3.1. Let R be the quotient ring R = k[[X,Y ]]/(XY,X2). Then R is a local one dimen-
sional non-Cohen Macaulay ring with maximal ideal m = (x, y), where x and y are (respectively)
the images of X and Y in R. The ring R satisfies condition (1) since m ⊂ Ann(x) and x 6∈ mp.
Example 3.2. One can make variations on Example 3.1. For example, we can increase the dimen-
sion of the ring by adding variables, say, take R = k[[X,Y,Z]]/(X2 ,XY,XZ) to get a non-Cohen
Macaulay ring of dimension 2 with m ⊂ Ann(x) and x 6∈ mp.
Example 3.3. (cf. [6]) Let R be the graded ring k⊕V ⊕ k⊕ 0⊕ 0 . . . , where V is a k-vector space
of dimension at least 3, and the multiplication on R is defined by some non-degenerated quadratic
form on V . Let m be the irrelevant maximal ideal of R. Then R is an Artinian Gorenstein ring
which is not a complete intersection, with m3 = 0 and condition (1) is also satisfied for p = 2 since
m2V = 0 but V 6⊂ m2.
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